We use the mode-matching technique to study parallel-plate waveguide resonant cavities that are filled with a dielectric. We apply the generalized scattering matrix theory to calculate the power transmission through the waveguide-cavities. We compare the analytical results to experimental data to confirm the validity of this approach.
Introduction
A research area of particular interest in recent years has been the use of resonant optical sensors as low-volume refractive index sensors. Refractive index sensing is noninvasive, simple to implement, does not require labels or chromophores for detection, and is sensitive to concentration rather than mass or volume, making it an ideal measurement technique for analyzing small volumes of analytes [1] . Resonant refractive index sensors measure the change in resonant behavior when an analyte is introduced to a system, either as a change in the extinction ratio or more frequently as a shift in the resonant frequency. Resonant sensors have been implemented with a wide range of geometries, such as optical ring resonators [1] , photonic crystals [2, 3] , or microsphere resonators [4] .
The majority of these designs operate at visible or infrared frequencies. At terahertz (THz) frequencies, refractive index sensing is less well developed. Many of the sensors such as dielectric-coated fibers, metallic meshes, and split-ring resonators have been implemented to sense thin dielectric layers, but the independent variable is the layer thickness rather than the index [5] [6] [7] [8] . In contrast, other sensors in the THz range exist that are not sensitive to the layer thickness [9] [10] [11] . Further investigated here, the grooved parallel-plate waveguide (PPWG) design has been proposed as a high sensitivity sensor for monitoring the refractive index of the material filling the groove in both single-channel [10] and parallel multi-channel geometries [11] .
In this approach, the resonant structure is a cavity integrated into a PPWG. A diagram is shown in Fig. 1 . A rectangular groove is machined into the lower plate of the waveguide, which acts as a resonant cavity for THz radiation propagating inside the waveguide in the lowest-order transverse-electric (TE 1 ) mode [10] . We note that the more commonly employed TEM mode of the PPWG does not couple efficiently to a cavity of this type, so the use of the TE 1 mode is required [12] . This structure acts as a refractive index sensor; when the cavity is filled with a dielectric material, there is a corresponding change in the resonant frequency dependent on the material's refractive index [10] . In previous work we presented an application of mode-matching analysis to understanding the origin of the resonant behavior of the PPWG with an empty cavity [13] . In the work presented here, we expand this analysis to incorporate a dielectric filling in the cavity. This enables an analytical investigation of this waveguide's capability as a microfluidic sensor. 
Mode-matching analysis
The mode-matching technique is a form of analysis employing classical waveguide theory and the generalized scattering matrix technique to analyze transmission through waveguides with discontinuous features such as abrupt changes in size, shape, junctions, cavities, etc [14] [15] [16] [17] [18] . The technique is discussed in detail in Ref [15] and in Chapters 9 and 10 of Ref [18] . In the case of a structure like the grooved waveguide under consideration here, the groove is treated as if it is a section of PPWG with a different plate separation and with its own supported modes. An incoming wave propagates through the ungrooved section, and then at the junction the wave is either transmitted into the various modes of the wider grooved section or reflected back into the ungrooved section. The transmitted waves propagate through the grooved section, before being transmitted or reflected at the junction with the second ungrooved section.
The amount of energy transferred across the (virtual) boundary from one mode to another by reflection or transmission depends on two factors: the impedance mismatch between the modes, and the amount of spatial overlap between the mode patterns. Modes with very similar electric field patterns will have a large spatial overlap and a correspondingly greater coupling efficiency, while modes with very different patterns will have a smaller overlap. If there is a large impedance mismatch at a boundary, energy is more likely to be reflected, while a small impedance mismatch leads to increased transmission.
This technique was used in Ref [13] . to analyze the empty-groove PPWG through the reflection and transmission of various TE modes at the start and end of the groove. The modematching technique has essentially the same form when applied to a waveguide with a dielectric-filled groove as to a waveguide with an empty groove: it calculates the reflection and transmission into various modes of the waveguide sections, based on the impedances and the overlap of the mode patterns. To incorporate a dielectric filling into the waveguide, those impedances and mode patterns must be recalculated to reflect the influence of the dielectric material on the field distribution inside the waveguide.
For the mode patterns and impedances in the ungrooved sections, we use the conventional equations for a TE-moded PPWG [19] . The grooved waveguide section can be treated as essentially a waveguide partially filled with a dielectric, and its mode patterns can be derived from those of a partially-filled rectangular waveguide. The mathematics of modes of a partially-filled rectangular waveguides are discussed in detail in Ref [20] . This analysis can be applied to derive the mode patterns of a partially-filled PPWG by extending the transverse dimension of the rectangular waveguide to infinity. This approach has been previously used to study THz pulse propagation behavior in partially-filled PPWGs [21] . After this extension to the PPWG geometry, the field patterns are described in each region by a set of TE components. Satisfying the boundary conditions of these regions yields a modified TE mode pattern. The resulting electric field distribution inside the dielectric-filled groove is given by:
where d indicates values in the dielectric and 0 indicates values in air, β is the propagation constant in the z or y directions, and the y-axis is defined with y = 0 at the top plate of the waveguide and y = b at the bottom of the groove (Fig. 2) . Here, x is the coordinate parallel to the air-dielectric interface. β z in the propagation direction is the same in both the air and dielectric and must be determined numerically using the requirements for continuity of E x and H z at the dielectric-air interface. Both real and imaginary solutions must be found, as both propagating and attenuating modes are considered in the mode-matching analysis. After solving for β z , the electric field patterns for various modified TE modes can be plotted. Figure  2 shows typical patterns, in which the dielectric is assumed to be a non-absorbing liquid with a refractive index of n = 1.4224, which is the value for tetradecane at room temperature. The index is assumed to be real and independent of frequency, a reasonable approximation for many liquid hydrocarbons, which exhibit very low absorption and almost no dispersion in the THz range [22] . These modified mode patterns clearly show that the general shapes of the modes are similar to the ordinary sinusoidal TE modes of the empty waveguide, but there is a concentration of the propagating energy in the dielectric portion, as one might expect. The patterns above are calculated at 270 GHz. Unlike the modes of the empty waveguide, the modes of the partially-filled waveguide exhibit a frequency dependence even though the dielectric is assumed to have a frequency-independent refractive index. This effect is small and is due to the frequency dependence of the phase constant β z . The modified TE mode patterns can be used in the mode-matching analysis to calculate the power transmission of various frequencies through the waveguide and thus the resonant frequency for empty or filled grooved PPWGs. These results can then be used to investigate the performance of the grooved PPWG as a microfluidic sensor. For example, a waveguide with a groove of dimensions 457 μm wide by 406 μm deep that is filled with materials with a wide range of refractive indices can be analyzed with the mode-matching technique to obtain a plot of the shift in the resonant frequency (Fig. 3) . This analysis yields a quadratic dependence of the resonant shift on the index, as predicted by numerical simulations in previous work [10] . As an example of the value of the mode-matching technique, we consider the question of the dependence of the resonant frequency on the degree of filling of the cavity. In Fig. 3 , the resonance shifts were calculated under the assumption that the groove is perfectly filled by the dielectric -a 406 μm column of liquid in a 406 μm deep groove. However, in reality, the filling level (h in Fig. 2 above) is an experimental variable. By starting with an empty groove and calculating the resonant frequency for the groove as it is slowly filled with a material (tetradecane, as in Fig. 2 ) at a series of fill heights from 0 μm to 406 μm, and continuing to overfill up to 500 μm, we can investigate the relationship between the fill height and the resonant shift [ Fig. 4(a) ]. This result can be used to calibrate the relationship between the fill height and the fluid volume in the groove, which is more easily controlled experimentally. The curve [ Fig. 4(a) ] indicates that there is a minimum fill height necessary to produce a measurable shift in the resonant frequency. It also indicates a roughly linear dependence on fill height once this minimum level has been reached. This linear dependence continues beyond the point of perfect filling, which is experimentally unrealistic -as the experimental curve [ Fig. 4(b) ] shows, the groove begins to overflow at some point and the response saturates. Based on this saturated response and on visual observation of the fill, we can estimate the volume required to fill the groove (in this geometry 8.5 μL). The relationship between the height of the fill and the volume is nonlinear due to the experimental geometry, so there is no simple linear transformation between the analytical and experimental curves, but the two can be combined easily for calibration as described later in this paper.
Another curve that is useful for comparison to experiment is the dependence of the resonant shift on the plate spacing. In previous work we have demonstrated the dependence of the resonant frequency of the empty waveguide on the plate spacing [13] . It follows that the resonant frequency when the groove is filled would also depend on the spacing. However, mode-matching analysis allows us to easily determine whether the shift, the difference in those two resonant frequencies, also depends on the plate spacing. The result is plotted in Fig.  5 over the range of plate spacings for which the mode-matching technique has been shown to be accurate. For narrower plate spacings, the change is too abrupt between the grooved and ungrooved waveguide sections and the assumptions governing the mode-matching analysis are no longer valid [13] . We have used a plate separation of b = 0.997 mm for all modematching analysis, and a plate separation b = 0.99 mm ± 10 μm for all experimental data. This figure demonstrates the importance of the accurate determination of the plate spacing, because it has a significant effect on the resonant shift observed for a particular refractive index. Higher shifts are observed for narrower waveguides than for waveguides with a wider spacing.
Comparison to experimental data and conclusion
To confirm the validity of this technique, we compare experimental results to the predictions from the mode-matching analysis. The experimental data discussed here have been published previously in Ref [11] . A parallel-plate microfluidic sensor was demonstrated with two independent grooves of dimensions 457 μm by 406 μm and 711 μm by 406 μm. As part of this demonstration, each channel was filled with a series of straight-chain alkanes (from octane to hexadecane) and the resonant shift for each sample was plotted versus the refractive index (blue squares and red circles in Fig. 6 ).
To reproduce this behavior analytically, we first model the empty waveguide to obtain the resonant frequency corresponding to each groove. Then we determine the height of the fill in each groove using graphs similar to Fig. 4 . For example, a series of experiments filling the 457 μm by 406 μm groove with 8.5 μL of tetradecane yielded a resonant shift of 19 GHz. This corresponds to a fill height of 420 μm according to Fig. 4 . The same procedure is done for the 711 μm by 406 μm groove, requiring a slight underfill of 350 μm to match the 34 GHz resonant shift observed for a 11.5 μL fill volume. These fill heights were then used in the mode-matching analysis to generate predictions of the resonant shift expected when the grooves were filled with these volumes of each of the other alkanes. These predicted shifts are plotted as straight lines in Fig. 6 . The error bars in experimental data arise from variation of the liquid fill volume between trails. The largest source of error between experiment and analytic solution also arises from the liquid filling, both the consistency of the fill volume, and the varying characteristics among alkanes such as surface tension. The sensitivities predicted by the mode-matching analysis are slightly lower; 103 GHz/RIU for the 711 μm by 406 μm groove and 94 GHz/RIU for the 457 μm by 406 μm groove, than the experimental measurements of 225 and 170 GHz/RIU respectively obtained by a linear fit of the data. But the general trends agree reasonably well with the experimental data. This verifies the value of the mode matching technique for partially-dielectric-filled grooved PPWGs.
In conclusion, the technique presented here expands the mode-matching analysis to accurately describe the behavior of a grooved PPWG with a dielectric filling and thus provides a simple way to analyze and optimize this waveguide's capabilities as a microfluidic sensor.
